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Kerr GEOMETRY VII.
A KERR INTERIOR

Rainer Burghardt”

Keywords: Kerr interior metric, differential rotation law, centrifugal and Coriolis forces

Abstract: An exact solution of the Einstein field equations is proposed which represents a
differentially rotating fluid. As this solution matches the exterior Kerr solution and reduces
to the Schwarzschild interior solution by setting the rotational parameter to zero, it could
serve as Kerr interior.
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1. INTRODUCTION

In the last decades many searchers have dealt with the construction of a solution of
the Einstein field equations for a rotating source that matches the Kerr solution.
Approximate solutions and trial solutions have been found [1-22]. We want to propose
another solution by means of geometrical methods.

In Sec. 2 of this paper we present an interior for the Kerr metric based on a
differentially rotating fluid source. This exact solution of the Einstein field equations
matches the Kerr vacuum solution at a boundary surface of an elliptical shape. Setting the
rotational parameter to zero it has as static limit the Schwarzschild interior solution. In
Sec. 3 we study a static seed metric for investigating the geometrical background of the
model. We set up the field equations and calculate the stress-energy tensor. In Sec. 4 we
implement the rotation by an intrinsic transformation operating on the 4-bein fields and we
calculate the rotational and centrifugal forces. We set up the field equations for the rotating
system and we calculate the stress-energy tensor of the rotating masses.

2. THE ROTATING METRIC

Firstly, we write down the line element of the interior region and we define all the
guantities we will use throughout the paper. Using the elliptical Boyer-Lindquist co-
ordinates the line element reads as

ds? = dx** +dx?’ +[ apdx® +iogoodx* | +a2[~iagwodx® + agdx* |, (2.1)
wherein
dx'=a@.dr, dx’=Ad3, dx’=ocde, dx*=idt
1 2 1
0, ==, @=1-1 oy=—, a=1-0’c (2.2)
a, R ag
c\):%, A*=r*+a’>, A®=r*+a’cos’9, o=Asing
and
1 2 -2
a, = E[(1+ 2% )cosm, —cosn}cbg
2.3
, ro+a’ 2 r2 (2.3)
P2 = T Cosmy= 1--2, cosn= 1_‘R_2 =a,



R and the rotational parameter a are constants. All quantities with the subscript g are the
constant values of the variables at the boundary surface matching the exterior solution.

The linkage of the interior fields to the exterior fields is the junction condition

-
R :AgJﬁ. (2.4)

Inserting this relation into (2.1) and (2.2) we obtain

2 2
, Ty +a” —2Mr

ay, = , 8;,=C0SMN,=2a (2.5)

2 2 lg ’
fy +a

which are the boundary values of the corresponding quantities of the exterior Kerr metric
described in [23-27]

ds? = dx*” +dx?” + [ocRdx3 +io,oodx* ]2 +a2 [—iachdXS + ocRdX4]2, dx'=aga.dr. (2.6)

(2.1) and (2.6) have the same structure. By setting the mass parameter M=0, both metrics
reduce to the same flat rotating metric, the rotation being implemented by a Lorentz
transformation. So we believe that our ansatz is the natural continuation of the exterior
solution into the interior region. Furthermore, we will show that both line elements are
based on a similar geometrical structure.

3. THE STATIC METRIC

For a better understanding of the theory we start our investigations with a simplified
form of (2.1), the static seed metric'. From the static line element

ds? = o?a%dr® + A2d9° + o?de? +a2dx*’, dx* =idt (3.1)

we read off the 4-bein components and we calculate the connexion coefficients in tetrad
form and we split the latter in the following manner

A =B °*+N_*+C °+E_° (3.2)

mn mn

where

L A similar attempt for the exterior solution we have published in [26]
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n

a
anS = mean - bmanS, B = {;’010’0}
pE

N,,>=mNm’ —m_mN°, N = {O,F)L,O,O}
H

L : (3.3)
c, =c,.Cc° —-c.cC’, C = aIL,—cotS,O,O
AA A

Emnsz—[umEnus—umunEs], E,=

) . r
——sinn,0,0,0¢, sinn=——
" {Z‘Rd)gaTaR " } L

where p.is the curvature vector of the BL-ellipses and p, the curvature vector of their
hyperbolic orthogonal trajectories

A3 A3
LA B 3.4
A Pu (3.4)

Pe a?sin9cos9

m,= {1,0,0,0} , b= {0,1,0,0}, c,={0,0,1,0} , uy= {0,0,0,1} are the orthogonal unit vectors. E
is the force of gravity. From the Ricci tensor

Ron(A) = A —A

mn s

ACA, +HALCA, (3.5)

nm

we derive

B B””m - Bﬂ lIs b® bm + Ban:| - bnbm l:lels +B°® BS:|

—| N,ym —N msmm+NnNm}—mnmm[NS

njjm n|ls
2 2

- (3.6)

| Cym + CnCm} —cc, [CSHS e CS}

- s s 1

+ Epjm — EnEm} +U.Up, [E s "E ES} = —K(Tmn - Eg mnTj

We use the graded derivatives introduced in [28, 29]
rnm||n = rnm|n =0, bm||n = bm|n =0, Cm||n = Cm|n - Bnmscs - I\lnmscs =0
1 2 3 (3.7)
u = um|n - Bnmsus - Nnmsus - Cnmsus =0

mjn
4

They transform covariantly in the lower dimensional subspaces spanned by the unit
vectors and simplify the calculations considerably. Solving (3.6) by inserting (3.3) we
obtain



K(Tmn—%gmn j——mmmn M,B, +M,C, -M,E

M,B, +B,C,

M,C, +B,C, -C,E
u,u, (M,E,+B,E, +C,E
—(mmmn+bmbn)§253§233$m n
+(m,m, +c,c,)N,C°sin*n+2N,E

m (m—n)

m

m n

( )
brl ( )
C, ( o)
u, ( o) (3.8)

+(m,m +u u )EF°

m
The new quantities

1 1 . ro . 1
M =— , B=—sinn, C=—-sinn, E.=——cos 3.9
0 Ra, 0 oo n " AN n 0 Z,Rq)saTaR n (3.9)

we will identify in a subsequent paper with the generalized second fundamental forms of a
surface endowed with nonholonomicity.

=HH,-HH, H,=i océo){% sin 8,%cos 9,0, 0} (3.10)

can be explained as contributions of the evolutes of the BL-ellipses as mentioned in [23].
We will come across the quantity

k= océoazccsls (3.11)
in the next Section. From (3.8) we calculate the components of the stress-energy tensor as

kT, =B,Cy —BoEy, —CE,

kT, =EN,

«T,, =M,C, ~M,E, —C,E, —FE, -N,C, sin’n , (3.12)
kT, =M,B, —M,E, —C,E, +Q¥Q,_sin’n

«T,, =M,B, +M,C, +B,C, + Q®Q._sin’n-N,C, sin’n

which are covariantly conserved.



4. THE KERR INTERIOR

In the last Section we have investigated with the help of a seed metric the properties
of the geometrical quantities we need to understand the proposed Kerr interior. An
anholonomic intrinsic transformation

Al =a, A= ioge, Al =-ia,wc’, A =ag, 4.1)
A =a, Al =—iagm, AL= iog0c®, AL =o, .
with
KAl k
AN =8 (4.2)
transforms the 4-bein fields and the metric as
€= A: € e'= A: e’ Qu= Aiit‘gi-k' ' (4.3)

where the primed indices denote the BL co-ordinates of the seed metric. Applying this
transformation to the tetrad connexion we obtain

AmnS: *Amns+ (3ml"lS (4'4)
where the *A are the connexion coefficients of the seed metric and

Gy = {gs,ek' e'e+g,e'e"e+g,e" e’ éj}A}'Afl.lk.] (4.5)

m n

is the dynamical part of the Kerr interior connexion. Calculating G with the help of (4.1) we
obtain

Gy’ =Co| FC*—C,F° |-u, [FU —uF* |+H,,°

mn

, (4.6)
H.,..=-Q u+Ql u+Qlu +aDu.
wherein the new quantities are defined by
o, =-[H+D |, Hi =a;[Hy,+Dpmy | Diy=0:Dpy (4.7)
and where
H =2iaio O/nC (4.8)
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is the relativistic generalization of the Coriolis force and

D, =l océoalnccm (4.9)

is the contribution from the differential rotation of the source. Shears D! arise as

neighboring layers of the fluid have different orbital velocities. The Ricci tensor has the
same structure as the Ricci of the exterior solution

R, = _[Nn”m =N, sm°m, + NnNm} -mm,, [NS“S +N° NS}

~|Bujm ~Busb" 0, +BB,, } b,b,, [Bsus +B°B, }

ler + c;c;} _cc. [c;,s +CCT - Q“TSQ;} | (4.10)

3

n|jm
4

e —E:E;}+unum[E$”S—E$EE— Q’TSQ;}

+U, [Qinns + ZQ;S]Ei} +U, [Qimns +2Q! Ei} -2Q.Q/

[ms]

T T
En||m - En|m
4

- ansE-sr - NmnsEI - C;nsE:

=C c —-C.C . .
C-Ir‘;ms mCI ° m ncﬁ' 4 11
cl=cC,+F, El=E, +F,

The covariantly conserved components of the stress-energy tensor are

kT,, =B,C, —B,E, —C,E, —QFQ, +Q°Q] +F°E,
«T,, =M,C, —~M,E, — C,E, + Q¥Q, - Q] —N_.C°sin’n-2FE,
kT, =M,B, —M,E, - C,E, —2M,F, - 2F°E_ +
+Q%Q,_sin® n++Q%Q_+ Q%0 -Q7QT —0FQl , (4.12)

2 a2
KT34 = QgsMo + Qg?,Eo - l:l_ % QISBl - {1_ a_l Q;Nz

2
| T

«T,, =M,B, +M,C, +B,C, + 2M,F, —N.C® sin’ n +
+Q%Q, si"n-Q%Q +Q%Q, +QTQT -0,

Q7Q, =20%Q, =2[H®H;~H*H,, |. (4.13)

In addition to the above field equations the Maxwell-like equations



F .—20Q3 QT =0, E

[miin] T[m==n]s™

T T T
[mln] = 0’ Q[mn||s]+Q[mn Es] =0 (414)

are satisfied. On the boundary surface the hydrostatic pressure T;; vanishes and the
matter current reduces to «T,, = Q} M, + Q,E, where Mo and E, are the curvatures of the

embedded interior and exterior surfaces respectively as we will show in the subsequent
paper. All the above defined field strengths coincide with the analogous field strengths of
the exterior solution for r=r,. Thus both the metric and the first derivatives of the metric

match at the boundary surface.

The field strengths are well-behaved except at r=0, A=a, where the BL-ellipses
degenerate to a line segment fixed by the foci of the confocal BL-ellipses. On that line
segment the ellipsis curvature vector p. is infinitely large and the corresponding field

strengths are zero. Only for $=mr/2, at the ‘vertices’ of the ellipsis, p.vanishes and the

corresponding field strengths get infinitely large. Rotating this line segment through ¢, one
gets a disk with a singular rim, the well-known Kerr singularity. Setting the rotational
parameter a to zero the Kerr singularity reduces to the Schwarzschild singularity at r = O.
The appearance of singularities of this kind is a general feature of field theories where the
field strengths are of structure 1/r".

5.0UTLOOK

In the present paper we presented an exact solution of the Einstein field equations
which could serve as Kerr interior as it matches the Kerr exterior at the boundary surface.
Moreover, both solutions are on the same geometric footing. In an earlier paper we have
shown that the Kerr metric is the metric of a surface embedded in a higher dimensional flat
space. In a further paper we will show that the interior solution proposed in this paper can
be represented by a surface, too, which matches the surface of the exterior solution.
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